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18 weeks 

Background (1 w) 

•universe geometry and matter 
components (1 hr)


•Standard candle (SNIa) (0.5 hr)


•Standard ruler (BAO) (0.5 hr)


Linear perturbation (9 w) 

• relativistic treatment perturbation (2 hr)


•primordial power spectrum (2 hr)


• linear growth rate (2 hr)


•galaxy 2-pt correlation function (2 hr)


•Baryon Acoustic Oscillation (BAO) (2 hr)


•Redshift Space Distortion (RSD) (2 hr)


•Weak Lensing (2 hr)


•Einstein-Boltzmann codes (2 hr)


Non-linear perturbation (6 w) 

•Non-linear power spectrum (2 hr)


•halo model (2 hr)


•N-body simulation algorithms (2 hr)


•Press-Schechter (PS) halo mass function (2 hr)


•Extended-PS (EPS) halo mass function (2 hr)


•halo bias & halo density profile  (2 hr)


Statistical analysis (2 w) 

•Monte-Carlo Markov Chain sampler (2 hr)


•CosmoMC use (2 hr)

outline



In this lecture, we will demonstrate the non-linear structure formation  
via the Spherical Collapse of Dark Matter particles. 

In the following slides, I will heavily steal the lecture from F. Bosch

Frank Bosch 





1. Single Halo 
Collapsing Dynamics



[from F. Bosch]



Halo formation—Spherical Collapse

expand with background decouple from background expansion

turn around  
point (max radius)

1
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(dr
dt
)2 − GM

r
= ε

assuming initially, shell is co-moving

ε = − 1
2
Hi

2ri
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!r = Hr
One can prove that, in EdS universe,  

for arbitrary over density regime, it will always collapse!  
early collapse ~ higher density; later collapse ~ lower density

R

ρ



[from F. Bosch]



[from F. Bosch]

r(t) is the Lagrangian coordinate



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]
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[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



FurtherReading

http://www.as.huji.ac.il/schools/phys30/media

Frank van den Bosch Lecture 1~4

F. Bosch @Yale

Hou-Jun Mo @Tsinghua

Simon White @MPA

Chapter 5.1



2. Halo number 
density per Mass Bin



Now, we understand how a SINGLE non-linear structure (Halo) formed. 

Our next task is to study the spatial distribution of those halos!

[from F. Bosch]



[from F. Bosch]





[from F. Bosch]



Un-smoothed density field

[from F. Bosch]



Smoothed density field

[from F. Bosch]



There are some tensions in S8!



[from F. Bosch]



peak background split approach

[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



UP to now, we answered how a single spherical halo form.
Next question, how the halo distributed in the large scales? 

smoothed density field on scale RW

δ c

cloud-in-cloud problem

halo



S M, R

Is this peak a part of A halo?

�c



S M, R

�c

Smoothing with wider Window function

S M, R

�c

YES!



S M, R

�c

Smoothing with narrower Window function

S M, R

�c

YES!



S M, R

Is this peak a part of  A halo?

�c



�c

S M, R

Smoothing with wider Window function

S M, R

YES!



�c

S M, R

Smoothing with narrower Window function

S M, R

NO!



S(R) =

[Press & Schechter 1974]

ν = δ c /σ (R)

[Bond, Cole, Efstathiou, Kaiser, 1991]Excursion Set approach

The scaling relation of the filtered density field w.r.t. the smoothing scale,  
is like a   Brownian motion.

, R

equal probability 
@ every point 

trajectory is memoryless!

@linear scale, different  
k-mode are independent! 

PS: only count A EPS: also include B



�M > �cAll the regions with ,  collapsed into a halo

Probability of              is equal to the fraction of mass in a halo, with the halo mass > M.�M > �c

[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



S(R) =

[Press & Schechter 1974]

ν = δ c /σ (R)

[Bond, Cole, Efstathiou, Kaiser, 1991]Excursion Set approach

The scaling relation of the filtered density field w.r.t. the smoothing scale,  
is like a   Brownian motion.

, R

equal probability 
@ every point 

trajectory is memoryless!

@linear scale, different  
k-mode are independent! 

PS: only count A EPS: also include B



[from F. Bosch]



[from F. Bosch]



[from F. Bosch]



3. Halo Bias



Linear Halo bias δm = (1+ b) iδ h

Halo mass function gives the mean number density in the range of (M ~ M + dM )n(M )

halos

In denser regime,       is easier to reach δ c

δ c
eff ~ δ c −δ 0

n(m,δ c
eff ) ~ n(m,δ c )−

∂n
∂δ c

iδ 0 + i i i bLδ 0 =
n(m,δ c

eff )
n(m,δ c )

−1= ∂logn
∂δ c

iδ 0

Modulation of the LONG wavelength  
to the local density peak



4. Halo concentration
Up to now, we assume top-hat density profile.  

Next, we want a more realistic modelling!



Halo concentration Halo density profile 
(NFW profile)

cv =
r
rs

Mass independence:  
Large/Small halo looks similar





Matter Power spectrum



Merger Tree



Beyond a Halo Mass Function...
An important advantage of EPS over PS is that the excursion set formalism provides
a neat way to calculate the properties of the progenitors which give rise to a given 
class of objects (i.e., haloes of a given mass).

For example, one can calculate the mass function at z=5 of those haloes (progenitors)
which by z=0 end up in a massive halo of 1015 solar masses. 

These progenitor mass functions, in turn, 
can be used to describe how dark matter 
haloes assemble over time (in a statistical 
sense); in particular, they allow the 
construction of halo merger trees.
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Illustration of a merger tree depicting the 
growth of a dark matter halo as a result of a 
series of mergers. Time increases from top 
to bottom and the width of the tree beaches 
represents the masses of the individual 
progenitors...

These merger trees are invaluable tools
in galaxy formation studies...

ASTR 610: Theory of Galaxy Formation © Frank van den Bosch:  Yale

[from F. Bosch]



Progenitor Mass Function

S

�S

S2 S1

�1

�2

Consider a spherical region (a patch) of mass       , corresponding to a mass variance M2

S2 = �2(M2) �2 ⌘ �c(t2) = �c/D(t2)
t2

                      with linear overdensity                                       so that it forms a 
collapsed object at time    .

t1 < t2We are interested in the fraction of       that at some earlier time             was in a
collapsed object of some mass      .  

M2

M1

Within the excursion set formalism this means we want to calculate the probability that
a trajectory that upcrosses barrier     at      has its first upcrossing of barrier �2 S2 �1 = �c(t1)
at               ( see illustration).S1 > S2

This is the same problem as before,
except for a translation of the origin
in the            -plane . (S, �S)

ASTR 610: Theory of Galaxy Formation © Frank van den Bosch:  Yale

mass

time

[from F. Bosch]



Progenitor Mass Function

n(M1, t1|M2, t2) dM1                                   is the progenitor mass function; it gives the average number of 
progenitor haloes at time     in the mass range                             that at time             
have merged to form a halo of mass       .

t1 (M1,M1 + dM1) t2 > t1
M2

fFU(S, �c) =
1p
2⇥

�c
S3/2

exp


� �2c
2S

�

translation

Converting from mass- 
to number-weighting 

n(M1, t1|M2, t2) dM1 =
M2

M1
fFU(S1, �1|S2, �2)

����
dS1

dM1

���� dM1

fFU(S1, �1|S2, �2) =
1�
2�

�1 � �2

(S1 � S2)3/2
exp

�
� (�1 � �2)2

2 (S1 � S2)

�

ASTR 610: Theory of Galaxy Formation © Frank van den Bosch:  Yale

[from F. Bosch]



Merger Trees
The progenitor mass function allows one to construct halo
merger trees using the following algorithm:

For a given host halo mass,      , and a given time step,     
     , draw a set of progenitor masses from the 
progenitor mass function 

M0

�t
n(Mp, t0 + �t|M0, t0)

The progenitors must obey the following two conditions:

accurately sample the progenitor mass function

mass conservation: 
�

i

Mp,i = M0

For each progenitor, repeat above procedure, thus 
stepping back in time.
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Sounds easy.....is not...

Several different methods have been suggested to 
contruct halo merger trees; none of them is perfect......

ASTR 610: Theory of Galaxy Formation © Frank van den Bosch:  Yale

[from F. Bosch]


