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4. Polarization

Key concept

* Stokes parameters

* quadrupole anisotropy generate linear polarization from unpolarised light
 polarization field trace the velocity field at recombination

» Radial/Tangential polarization mode

* Q/U (frame dependent) => E/B (frame independent)

* TS only generate E mode, large scale modulation convert local E mode to B mode.
* LoS projection transfer local quadrupole into higher ell modes

* Powers are distributed according Clebosh-Gordan coef in the high ell modes. Hence,
modulation can mix E and B.



Polarization
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The Thomson scattering cross section depends on po-
larization as (see e.g. Chandrasekhar 1960)

dUT A~ Al12
dQ OC‘E'E‘ y (1)

where € (¢') are the incident (scattered) polarization di-
rections. Heuristically, the incident light sets up oscilla-

Unpolarized light, Q=0



| [credit:Valeria Pettorino |
How much polarized?

The quadrupole is zero at early times and then grows while approaching
decoupling.

Quadrupole

Any source of
guadrupole anisotropy leaves
its imprint in the polarization.

The fraction depends on the duration of last scattering. It is 10% on a
characteristic scale of degree scale. Since temperature anisotropies are at the

1075 level, the polarized signal is at (or below) 10 level representing a significant
experimental challenge.
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Intensity tensor
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Total Intensity Polarization tensor

[why electric field not 1 , -
Pap = 5 (Qosz +Uoc1 =V 02)
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Q, U, V Stokes parameters

magnetic field?]

Q: linear polarization; U linear polarization rotated of 45°

V circular polarization

Not convenient under rotations




Stokes Vector consists of four parameters (called Stokes parameters):
intensity /,
the degree of polarization 0,
the plane of polarization U,

the ellipticity /.

Notation
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e Stokes parameters are defined via the intensities which can be measured:

I = total intensity

Q= Ip-Iyg = differences 1n intensities between horizontal and vertical

linearly polarized components;
U = L445 —1.45= differences 1n intensities between linearly polarized

components oriented at +45° and -45°

V =1,.-1,,= differences in intensities between right and left circular
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*in the case of the CMB,

* 1, intensity
, U, linear polarization
, Circular polarization




),

Bl

— -

R3] 77K

X7,

=

i (7

I8 1 R

7B TES

HIRAER

R/ Fars

15 (360°/180°),
AESTE90° /L,

=

Quadrupole
Anisotropy

=AM

/7 \

151 7R E

Thomson
Scattering

Linear
[Polarization

- —E LEBRIBER T
HAZZBKALH / inflation,
REs) (XK= / Bhie1/BERE) |,
BB (5K 3 fie2)
E |

_;%/ \EI:/E/\ ||I:'J




SR, BN T IREKE I, B4 StokesS &

I'= (I11 +122)/4 Q= (I11 — I22)/4 J =1,5/2 V=0
) N eresngon . A
FEWACTE 25 £ TR IE A ERIE

H—, K (Q, U) BENBAIENFER,
BB R / BEXR, FMtEEl D / BiE

| TN TN |

—— E<0 —— | E - ‘ ‘ < d ‘ — 0>d —
/ ‘ N\ N / e N / | N\
T i T oven
= -
N B0 N /om0 /S Nooca N\ v

/‘71:%t l\ ; /‘ oddl\




[credit: Peiris]

plane wave case

Temperature
Pattern Seen
by Electrons

outside of
the paper

SCC

Temperature quadrupole at surface of last scattering creates polarisation...

Density Wave




Radial (tangential) pattern around hot (cold) spots. [credit: Peiris]

Spherical density case

Measurement

Cold spot
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Theory prediction



consider:
velocity gradient
from gravity &
neglect photon

pressure

radial mode

J. Kaplan et al./ C. R. Physique 4 (2003) 917-924 tangentlal mode 919
radial mode
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Fig. 2. Polarization directions from velocity gradients. Polarization directions when the fluid is accelerated towards the cold spot (left panel) or
decelerated towards a hot spot (right panel). The brown dashed curves are fluid stream lines. The small thin arrows are the fluid velocities in
the fluid rest frame near the scattering point. The large thick arrows are the directions of the fluid motion near the scattering point relative to the
hot and cold spots.

flow in => more photons => intensity high => hot temperature



Actually, photon pressure
repulse the inner flow, it gives
tangential mode around the

hot spot

Actually, photon pressure
drag the outer flow, it gives
radial mode around the

cold spot
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Fig. 8. Average images-¢i temperature and polarization data. 12387 hot spots and 12628 cold spots
are found in thC WMAP seven-year temperature maps, and the average images of hot and cold spots
are.ciaown in the top panels along with the corresponding simulated images. The bottom panels show
the average images of the polarization maps around the locations of hot and cold temperature spots, as
well as the corresponding simulated images. The size of each image is 5° by 5°. The lines show the
polarization directions, and their lengths are proportional to the magnitude of polarization. The colors
of the polarization images are chosen such that blue and red show the tangential and radial polariza-
tion patterns, respectively. The data show the predicted tangential and radial polarization patterns (E-mode
polarization), in excellent agreement with the predictions. The maximum of radial polarization around
hot spots occurs at 1.2° from the center, whereas the maximum of tangential polarization around hot
spots occurs at 0.6° from the center. Figure adapted from http://wmap.gsfc.nasa.gov/imedia/101079/index.
html (Credit: NASA/WMAP Science Team).



The scalar (density) quadrupole moment . [Credit: Carbone]

Flows from hot (blue) regions into cold (red),
vllk in Fourier space (irrotational fluid),
produce an azimuthally symmetric pattern for

AT,.

Tensors
(Gravity Waves)

(Compression)
Transverse and traceless perturbations

hij — h/_|_€+7:j =+ h/x€x?;j

The tensor quadrupole moment (m = 2).

Since gravity waves distort space in the " ° ® o .,
plane of the perturbation, changing a circle ¢ K
of test particles into an ellipse, the radiation ‘e, o« o°

acquires an m = 2 quadrupole moment. No
azimuthal simmetry for AT,



CMB E- and B-modes [credit: Carbone]

Density Wave
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“EKlectric-modes”, since an electric field can be written as the gradient of a scalar.
“Magnetic-modes” since they are the curl of a vector field. Heuristically, scalar
perturbations have no handedness so they cannot produce any ‘“‘curl”, whereas vector and
tensor perturbations do have a handedness and therefore can.




Electric mode: gradient of scalar
Magnetic mode: curl of vector

Scalar pert.
Vector pert.
Tensor pert.



scalar pert.
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tangential plane

Scalars
(Compression)

Fig. 2.— The scalar quadrupole moment (£ = 2,m =
0). Flows from hot (blue) regions into cold (red), v || k,
produce the azimuthally symmetric pattern Y, depicted
here.



Y2, ocan be both pure O or pure U field, it
depends on the coordinate frame on the
tangential plane

(Q +iU) (7)) = eT29(Q £ iU)(A) QU are frame dependent!]
If pure O, it means pure
Q = sin“ 6, U = 0.
If pure U, it means pure B. ) ¢ =45°
Q' =0,U = sin°f

Q: If so, why do we normally say, scalar mode can not generate B?



A: Thomson Scattering is a parity conserved process. In
quadrupole temperature

anisotropy, ell=2.
This system is parity even (-1)ell.

Hence, TS process only generate E mode, not B mode!



vector pert.

The full £ = 2, m = 1 pattern,

Q = — sinf cos fe*?, U = —isinfe'® (8)

A

crest

Vectors
(Vorticity)

view from equator, the U mode

dominate over Q mode.
Fig. 5.— The vector quadrupole moment (/ = 2,

m = 1). Since v L k, the Doppler effect generates a
quadrupole pattern with lobes 45° from v and k that is
spatially out of phase (interplane peaks) with v.



tensor pert.

Tensor mode peaks at poles (not equator).

N

Q = (1 + cos? 6)e®*?, U = —2i cos §e?*?, /\ ‘;
huugh\/
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Fig. 7.— The tensor quadrupole moment (m = 2).
Since gravity waves distort space in the plane of the
perturbation, changing a circle of test particles into an
ellipse, the radiation acquires an m = 2 quadrupole
moment.



Thompson scattering only E mode;
modulation producing B mode



w/o plane wave modulation [arxiv: 9706147]
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Plane Wave Modulation

Fig. 10.— Modulation of the local pattern Fig. @b by
plane wave fluctuations on the last scattering surface.
Yellow points represent polarization out of the plane
with magnitude proportional to sign. The plane wave
modulation changes the amplitude and sign of the po-
larization but does not mix ¢ and U. Modulation can
mix F and B however if U is also present.
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Example of local m=2 quadrupole

_ / dQ oY}, (2)(Q + iU) (A)

Q = (1 + cos? §)e?*?,
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TAB. 1: Quadrupole (¢ = 2) harmonics for spin-0 and 2.

derive that B, is vanishing.

U

— 24 cos fe?*?.



Adding Plane-wave modulation

B, +iB, — / dQ SV (R)(Q +iU)(R) 7T

Modulation only change the sign and magnitude of Q & U, independently.
However, it DOES convert E to B!

Because, plane-wave does not have definite parity, hence it mix E and B.



The Q and U Stokes paf{meters, which describe the linear p_olarization, depend on the reference frame. If ¢ and e, are
rotated by an angle 0 around k then Q and U rotate to Q' and U’ by an angle 20:

Q' = Qcos26 + Usin?20,
U' =—Qsin26 + U cos 20,

or Q+iU— Q +iU' =eT49(Q +iU). 2)

This 1s the transformation of a spin 2 object.2 The V parameter describes the circular polarization and is invariant under

(Q - ZU) ('ﬁ') — Z(Elm - iBlm) ::2Ylm(ﬁ)a

Im
Qi@ = )Y  arms2Y(#). (3)
122, |m|<l
From these spin 2 objects, one can construct 2 real scalar quantities with opposite behavior under parity transformations:*
E(n) = Z aﬁn Y;"(n), with positive parity E A im + A_21m
1>2. [m|<I Ym = 5 ’

S = B um - , . . where G 4)

B(n) = Z a;,Y; (n), with negative parity, all?n _ ; 22m . —2lm

122, |m|<]




Q/U are components of spin-2 vector, hence their values changes accordingly between frames

with x representing the unit vector in the direction of the polarization. The ) and U parameters
depend on the reference frame and transform like a spin-2 object, i.e. if the reference frame (Z,9) is
rotated by an angle 1 around 7, then ) and U rotate to Q' and U’ by an angle 21

(Q T ’iU)’(’fl) — 6::2i¢ (Q T ’iU) (’fl) (4)

E/B are scalar (Psudo-scalar), their values does not change (sign flip)

3°(Q +iU) (i) = 8%(Q — iU)(n) (22)

Substituting Eqn (22) into (19), we will have E] (n') = Ej,(n) and B; (7') = —By,(”). Therefore

E and B have even and odd parities respectively. It is useful to define two quantities in real space

[Challinor’s lecture]



Why modulation mix E&B?

(a) Polarization Pattern (b) Multipole Power
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Fig. 11.— The E and B components of a plane wave perturbation. (a) Modulation of the local F-quadrupole
pattern (yellow) from scattering by a plane wave. Modulation in the direction of (or orthogonal to) the polarization
generates an F-mode with higher Z; modulation in the crossed (45°) direction generates a B-mode with higher /.
Scalars generate only E-modes, vectors mainly B-modes, and tensors comparable amounts of both. (b) Distribution
of power in a single plane wave with £r = 100 in multipole £ from the addition of spin and orbital angular momentum.
Features in the power spectrum can be read directly off the pattern in (a).



(Y,”) with the local spin angular dependence. The re-
sult is that plane wave modulation takes the ¢ = 2 lo-
cal angular dependence to higher £ (smaller angles) and
splits the signal into £ and B components with ratios
which are related to Clebsch-Gordan coefficients. At

(see Fig. |[11b and
1997).
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2016 BNU Summer School on Cosmology & Gravitational Waves
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Further reading

earxiv: astro-ph/9706147v1
Challinor’s lecture note



