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2. Primordial Anisotropy

Key concept 2.1 Linear perturbation theory

* Adiabatic curvature perturbation
* Conformal Newtonian gauge

* Synchronous gauge

* Acoustic oscillation

* Damping

* Thomson scattering

* LoS projection

* Boltzmann Eq.



8. Relativistic perturbation theory unlike Newtonian theory, GR starts from the metric field

Juv = Guv T 59;“/
ds® = a? (7) [dfr2 — 5z-jda:idxj]

decompose5gw Into scalar, vector, tensor

according to SO(3) rotation group
ds? = a*(7) [(1 +2A)dr? — 2B;dx*dT — (6;; + hij)da:ida:j]

EA’ii =0 82}3’@] = 0
X (traceless) (transverse)
B, = 0;B + B;
scalar  vector | e scalars: A, B, C, E
8,04 E = (a&-a-— —52--V2)E .
) ) ) ) S A e vectors: B;, E;
hij = 2C6;; -}-28(7;8]-)1? ~+ 28(2-Ej) + 2E;; o E" _ —(BE 8E) )
b o s s (175) = 9 ("™ Ok - o tensors: Ejj
00 01 02 O3
11 12 13 s=4 VG =0 choosing a coordinate frame
08, =1 - dof={ v=6-2=4 v p
22 23 r=6-1-3=2 (Bianchi identity) ek}

k > J \ / pure

10 - 4 - 4 = 2 gravitational

scalar & vector pert. are just the reaction d.o.f.
of the gravity to matter sector

“% Vo= 47G6p

A
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However, tensor pert. can exist even in the matter vacuum! v

A pure gravitational phenomena.

tensor pert.



gauge fixing <

do.f.=+

Theorem: At linear order, scalar/vector/tensor

pert. are completely decoupled.
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choosing coordinate
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time threading

A

evolving
spatial
hypersurfaces

time

constant time hypersurface

In FRWL background evolution, vector pert. only have decaying mode, so cosmologically irrelevant.

From now on, we only consider scalar & tensor pert.

Comparing scalar & tensor pert, signal from scalar > tensor

Mathematically, scalar is more complicated than tensor. Because tensor is gauge invariant, why?

[ gauge/coordinate transformation, does not involve tensor. Hence, tensor mode is free of gauge issue]

-

\)

do.f.=—v=4%

4

(VORI

2 commonly
used gauge

o N BN

\

scalar mode gauge fixing

e Newtonian gauge.—The choice

B=F

0,

gives the metric
ds? = a?(7) [(1+ 20)d7? — (1 — 29)8;;dz’da?] .
 —

® synchronous gauge (a frame co-moving with cosmic fluid)

ds’ =a’[dt’ - (0, +h, Ydx'dx’ ]

R

A=B

0 hij = 20(52'3' + 28<i3j>E




gauge transformation Consider the coordinate transformation
X Q=17 ¢=L=08L+1L
Xt = XP=Xt4 (T, ),

o vy _ 0X20XP o
45 = gy (X)AXHAX" = Gop (X)X *dX 9u(X) = Zxn axv 98 (X)
[Pb4.] , A
B—»B+T-L, B;— B; — L; , gauge-inv
ref: Baumann lecture eq. (4.2.48)~(4.2.60) 1
C— C—HT - §V2L ,
Ei—)E—L, EZHEZ—IA-/Z, Eijl—)Eij

gauge-inv variables 5 :: : : /

(Bardeen potential)

V=A+H(B—E)+(B-EY

A & C in conformal Newtonian gauge, equals Y & drespectively.

1
— / 2
@=-C-HB-E)+3VE. 0

TH, =T", +0T", T, = (p+ P)U"U, — Pd}, U, = ad,, U* = a~'6( for a comoving observer
perfect fluid: no energy dissipation, can not conduct heat

perfect fluid does not exist in real life, but compare with honey, water can be treated as perfect fluid. Up UI/ _
Guv =1

5T%, = (8p+ SP)U*T,, + (5 + P)(8UMT, + UM6U,) — 6Pl —[I1*,) shearviscosity
UV =a '[1 — A, 0"

Shear viscosity: Bulk viscosity: (deriv)

Tgfy:puuuu 4 (p_|_ A'LW—I—W“V : re—

Py = —(C V,ut  bulk-viscosity

P(p),P,(Vu) P: describe the ability to do external work, the mount of work only depends on the initial & final config
Po: internal energy loss, the mount of energy loss depends also on the volume changing velocity



[Pb5-] 5TOO _ 5,0 ,

5Ti0 = (,5 -+ P)'Uz .

0T°j = —(p+ P)(vj + Bj)
0T"; = —6P6; —II'; .
R

ref: Baumann lecture eq. (4.2.68)~(4.2.73)

pert. classification

 adiabatic pert. —— time delay

5 — OPL _ 0pJ

(not independent!)

T~1/(1+2) /

for all species I and J

OXHOXP .
T:“V(X) — 8Xa X7 T 5(X)

6p1(7,x) = p1(7 + 67(x)) — p1(7) = p167(x)

* isocurvature/entropy pert.

OP(p,s)= a—P5p a—P5s
ap ds

separate universe assumption

[Pb6.]

dpr— dp—Tp',

OP +— 0P — TP’
¢+ g+ (p+ P)L;
v — v; + L

Hz'j —> Hij .
I

tot




Linearised Einstein eq. re - %g“)‘ (D095 + Dpgrw — Orgop) [Pb7.] PO — H U, (deriy
Y, =0,V ,
Gu = Ry — 3Rgu Ly =099,V
Ty = Hoij — [@ + 2H(® + T)] 45
Ry, = 0xI'y, — 8,5, + T3, I, —T%,T7, i =Ml — 51

[Pb8.] %y, = —26(;01)® + 030" 0@ . (deriv)
! Ryg = —3H' + VU + 3H(®' + ') + 39" | (deriv)
Ro; = 20,9’ 4+ 2HO; ¥ :
Rij = [H'+2H? — 9" + V?® — 2(H' + 2H?)(® + ¥) — HY' — 5HD'] §;;

+ 0:0;(® — ) .

0’R = —6(H' +H?) +2V2V —4V2® + 12(H' + H*) VU + 60" 4+ 6H (¥’ + 3®')  (deriv)

[Pb9.]
Goo = 3H? + 2V2d — 6HD’

Go; = 20; ((I), + H\P)

Gij = —(2H +H*)dij + [VE(V — @) + 20" + 2(2H + H*)(® + ) + 2HT + 4HD'] 6;;
+ 8;0;(® — W) . (4.2.134)

e Newtonian gauge.—The choice
B=E=0,

gives the metric
ds? = a*(7) [(1 + 2¥)dr? — (1 — 2®)d;;dz'dz’] .
R EEEEEE—E=——Z—wwWIWymE-



ds® = a®(7) [(1 4+ 2¥)dr? — (1 — 2®)6;;dz*da? | . (4.4.168)

In these lectures, we won’t encounter situations where anisotropic stress plays a significant role,
so we will always be able to set ¥ = ®.

e The Einstein equations then are

[Pb10.] V20 — 3H(®' +H®) = 4nGa’dp, (derv) (4.4.169)
& +H® = —4nGa?*(p+ P)v, (4.4.170)
+ 3H®' + 2H + = 47Ga . 4.4.171
" + 3HD + (2H' + H?)D Ga® 5P
neglect time evolution term Y=0

\4

Poissoneq. V*¥ =4rnGdp

k<H/ L>1/H

On the cosmic large scale, we do need relativity theory!
On the small scale, Newtonian theory works well!

k>H/ £L<1/H

ﬂ‘ltl — co-moving Hubble radius



2. Primary CMB

Key concept 2.2 Boltzmann Eq.

* Spherical projection of the Plane wave

* Compton scattering vs Thompson scattering
* Acoustic oscillation

* Baryon load

* Velocity/Density are out of phase

 Transfer function



The faintest light from
the very early universe.

A map of the uni-
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CMB anisotropy

Dipole AT =3.353mK

due to relative motion of our earth w.r.t. rest frame of CMB

higher multipoles AT ~18uK due to primordial gravitational curvature pert.
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LUIILCIINTI QllVI

T~1/(1+2) |

every point is in a local thermal
equilibrium (black body)

B dmhv? [c?
 exp{2rhv/kgT} — 1

T(x,t)



Plane-wave inhomogeneity

gravitational well

(hot regime)

gravitational wall

(cold regime)
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w(i) =y (ke

=y (. k)Y [4ri'Y",, (k) j,(kOIY,, (7)

=y (1. k)D W, (Xk)Y,, ()

(i 20+1 ., A AR
ACEEYYY ci' e j k)Y, () (k)
o\ 4r

We use Spherical Harmonics and Spherical Bessel functions to expand the plane-wave
A plane wave can be expressed into a series of spherical wave

spatial inhomogeneity => angular anisotropy



j [ (kD =%=)

Plate 3: Integral approach. CMB anisotropies can be thought of as the line-of-sight projection
of various sources of plane wave temperature and polarization fluctuations: the acoustic effective
temperature and velocity or Doppler effect (see §3.8), the quadrupole sources of polarization (see
§3.7) and secondary sources (see §4.2, §4.3). Secondary contributions differ in that the region
over which they contribute is thick compared with the last scattering surface at recombination
and the typical wavelength of a perturbation.

[Hu & Dodelson
Annu. Rev. Astron. and Astrophys. 2002 |
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primordial anisotropy
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Particle Data Group, LBNL, © 2013.
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B2 5% / acoustic oscillation

S aN=l=3 . 7 3 LB

JLT/ )le:jEEjJ meff@ n kzcz@/3 ~ Megq (Rl 1 EI:)[‘E_FF)

@ZAT/T meff:1+R

g=—k*c2V/3 - & o /
88 2R B
(FRSHEBAIE)
0=60+V é+k202(:)/320
2B IR S - 0(0) =—2¥/3,0(0) = 0.

-~

© = WUcos(ks)/3
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Hu et.al. 97

(a) Acoustic Oscillations
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before recombination izt 2 %K




Winter 1s coming ...
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Compressing a gas heats it up. Letting it expand cools it down.
The CMB is locally hotter in regions where the acoustic wave causes compression
and cooler where 1t causes rarefaction:

[credit: W. Hu]



[credit: W.Hul - Acoustic Oscillations a fix spatial spot

@Initial time
Photon pressure resists Oscillation = 1nitial

compression in potential wells displacement from zero pt. A cold Spot

Gravity and sonic motion

Acoustic oscillations O-(-P)= ¥ work together —
Gravity displaces zero point concentration
© -

initial
displ.
- O+Y¥Y motion e
S “ro e ) St
poin
—|¥|/3 @

Peebles & Yu (1970) Hu & Sugyama (1995)



the same spatial spot

[credit: W. Hu] : : :
Acoustic Oscillations & recom time

Photon pressure resists Oscillation = 1nitial becomes hot Spot

compression 1n potential wells displacement from zero pt. .
Acoustic oscillations O--WY)= V¥ due to gravity
Gravity displaces zero point Gravitational redshift: observed C()mpressi()n

® - (0T/T)ohs= O+¥
oscillates around zero (hirst peak)

Photon
Baryon

First Extrema

ATIT

.......
ta

—|'¥|/3

oyama (1995)

Peebles & Yu (1970



- : : : Now, consider another
[credit: W. Hu] Acoustic Oscillations

spatial spot,

Photon pressure resists | OSC.lllathIl = 1nitial which located at a
compression 1n potential wells displacement from zero pt.
Acoustic oscillations O-(-P)= Y smaller well. From
Gravity displaces zero point Gravitational redshift: observed initial time. till recom time
© -y (8T/T)obs= O +¥ ’ ’
oscillates around zero it oscillate 2pi. (with higher
frequency)
‘ ‘ initially, it is a cold spot
O+Y : : :
% Second Extrema in the middle time
between initial and
recom time, it becomes
—|\¥|/3

a hot spot
Peebles & Yu (1970) Hu & Sugyama (1995)




[credit: W.Hul - Acoustic Oscillations Finally, at recom time, it
becomes back to a cold
Photon pressure resists . Osc.illation = 1nitial spot. (second peak)
compression 1n potential wells displacement from zero pt.
Acoustic oscillations O--Y)= Y
Gravity displaces zero point Gravitational redshift: observed
© -Y (OT/T)ops= O+Y

oscillates around zero

Second Extrema

ATIT

)3 o

Peebles & Yu (1970) Hu & Sugyama (1995)




Sonic -
SECC{ND PEAK motion [credit: W. Hu]
Gravity counteracts

sonic motion Gravitational
— attraction

Dark matter

concentration
Photon

After this midpoint, gas pressure pushes baryons and photons out of the troughs (blue arrows)
while gravity tries to pull them back 1n (white arrows). This tug-of-war decreases the temperature differences,

which explains why the second peak 1n the power spectrum 1s lower than the first.



[credit: W. Hu] Harmonic Peaks

Oscillations frozen
at last scattering

Wavenumbers at
extrema = peaks

Sound speed

Last
Scattering

ATIT

" k =Tt/ pouis

Doroshkevich, Zel'dovich & Sunyaev (1978); Bond & Efstathiou (1984); Hu & Sugiyama (1995)




[credit: W. Hu] Harmonic Peaks

Oscillations frozen
at last scattering

Wavenumbers at
extrema = peaks

Sound speed

Last
Scattering

ATIT

- k =T/ harizon

Frequency ' = = ; conformal time
J]ast scattering q
— — SOun
Phase ) — 0 dﬂ —  horizon

Harmonic series 1n sound horizon

¢ = m—k = T}

Last

Scattering
=
-
<

k =2k

—|\¥|/3

Doroshkevich, Zel'dovich & Sunyaev (1978); Bond & Efstathiou (1984); Hu & Sugiyama (1995)




GRAVITATIONAL MODULATION

INFLUENCE OF DARK MATTER modulates the acoustic signals in
the CMB. After inflation, denser regions of dark matter that
have the same scale as the fundamental wave (represented as
troughs in this potential-energy diagram) pull in baryons and
photons by gravitational attraction. (The troughs are shown in

FIRST PEAK
Gravity and sonic motion
work together Dark matter

concentration

/ or

,

Sonic
motion

o Gravitational
ace attraction

~—

AT SMALLER SCALES, gravity and acoustic pressure sometimes
end up at odds. Dark matter clumps corresponding to a second-
peak wave maximize radiation temperature in the troughs long
before recombination. After this midpoint, gas pressure pushes

SECOND PEAK Sonic

. motion
Gravity counteracts
sonic motion

Gravitational
attraction

red because gravity also reduces the temperature of any
escaping photons.) By the time of recombination, about
380,000 years later, gravity and sonic motion have worked
together to raise the radiation temperature in the troughs
(blue) and lower the temperature at the peaks (red).

Photon

baryons and photons out of the troughs (blue arrows) while
gravity tries to pull them back in (white arrows). This tug-of-war
decreases the temperature differences, which explains why the
second peak in the power spectrum is lower than the first.

Dark matter

concentration
Photon

CHRISTIE DESIGN

[credit: W. Hu]
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Sachs-Wolfe 68’

XFE, RN Sachs-Wolfe effect

Q0% HICMBIE 53 BTtk !
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ZAINTERBITAE S, MAEFfG, BT

/ baryon drag

\r

ErAkRE UKRE) . ULF) EE (REEEAR
TSR, EFEBHZIRIDNL ORIKET)
(a) Acoustic Oscillations - (b) Baryon Drag
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2. EF#EE / baryon drag
ZBIMITEIRBITAEF, MAEFfF, HT

ETARE (NKEE) . (1F) FESR PERETRD
TAZE, BEFEBHEIRNDNL (GRIKET)
(b) Baryon Drag N

—|'¥'|/3

RFIC, FEREE R
B, FEUIEARNEENZS
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3.2 5% / Doppler effect

- UaaN WaWaN |

T2 XETNLHEU1/3HIEEZIHNEE 1

N7/

HAENIER N Ar]2HE, W ZEENRY
Seailzgam, ERMEZN, REIER,
JeFRE=IEM, mEAE; kZ, 453
fobs _ (l_I_E)frest f CcC T
Wien displacement law
AT SV
T doppler ¢
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4. YEFoREY / Diffusion

o+, SBARE, ERRR
X EEE#HIRME, EFEIFIIE
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o A, N | L =3/
i/‘Ej) )CJT Z_TJ o

£ / mean free path

OICEOF:

: FCharles Lawrence
U.S. Planck Project Scientist, JPL



Tight coupling is not that perfect,

R ZBIINENITE, PIEAME ‘?E’f’:aﬂﬂﬂﬁ
RIPEFDHEHEERES, MMRFEEREILE), XA FEFiRal
RIXEEE B BENN, SFIREIR,

I FIRBN N e ERML  BONEm
tfﬁf’*ﬁzﬁjﬁ +7FE, X FEYEBREIRNUF IS K,
B, FHIBHENZIMNEER, /Tﬂ13814:_ﬂ’1r1—ﬂ)xtx ,

XHE,

JLF 2R MR BE 2 AT |

Z BIEAIPMIRAY “baby face”
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Dissipation / Diffusion Damping [credit: W. Hu]

Imperfections in the coupled fluid — mean free path A in the baryons

. )
Random walk over diffusion scale: Ap ~ kc\/N ~ AcM >> A Q: Why SqrtiNj:

Rapid increase at recombination as mfp T

Robust physical scale for angular diameter distance test ($2y, €24)

Recombination

—— recombination

| | | | | I
500

1000

Silk (1968); Hu & White (1996)
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Plate 3: Integral approach. CMB anisotropies can be thought of as the line-of-sight projection
of various sources of plane wave temperature and polarization fluctuations: the acoustic effective
temperature and velocity or Doppler effect (see §3.8), the quadrupole sources of polarization (see
§3.7) and secondary sources (see §4.2, §4.3). Secondary contributions differ in that the region
over which they contribute is thick compared with the last scattering surface at recombination
and the typical wavelength of a perturbation.

[Hu & Dodelson
Annu. Rev. Astron. and Astrophys. 2002 |

Photons transfer heat

between hot and cold spots



[credit: W. Hu]
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oT
O0,p)= 7(0,§0) is a Gaussian random field on the 2D sphere

we will study the angular distribution of Q(0,0)

<OM)O(R')>= | di | dOR)O(')= C(A+7")=C(cosf) statistical isotropy

P[O(n)]

*YC(cosB,)
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A smarter way

O(n) = E%mY {m () O(n) = a, gaussian random field
{.m
1
Z <a'€m ) a'E' > YEm Z Cg Z nm Yﬁm ) — E 2(22 T ]-)CZPK(:U')a
2,0/ m,m’ m——E 14

_J/

-

2L Py(nn’)

1 1 I I 1 I 1 I | I I 1 1 | I I 1 1 1 1

0.8

A

Prob(a,,) da,.

TIIIIIIIITIIIIIIIII

(i) 0

our major task is to calculate/measure C /

Allllllilllllillllll



derivation of cosmic variance






angular scale

00°  18° 1° 0.2° 0.1° 0.07°
6000F =~ | | -
F—EFIE — & 1) ell fA, ABEH/)
5000 1 _ 2) 1sl IEfIE: =ig)/LfE
_* 3) 18l IEFE /- BEFYRALH /
00 Pl 4)endard IgBE N BMRALG S
- 5) Sillk damping: photon diffusion
3000 { g ) PINY- P
=
2000 | ) /
o |
1000 [kl
L} Ft
, 10 50 500 1000 1500 000 2500

multipole moment, /
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Thomson
Scattering
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IR ZN L TN F=, UEE=ERE, RE,
‘?ﬁ‘égaﬁ%ﬂ %E@TZK/%JE}J* BARAE, =
—p Y V Y

T,uv _J v P+o 0} 0} >
V o P+o o© (NNZE
v o o Pto | FRRHR)
o - —8’11,7; | (9’!1,]' g 8uk | %
0 = —Poi + 1t 0z Oz, 3 Y0z | 0 0L
=B HTE: VT =
Otp = _v'r'(pu) (0 +u-V,) V;P Vo
-5 A2 / continuity eq. Xkhi ;5 FE / Euler eq.



XY BB HEIES
BAIRODHNREMEILEARASZ / BEX
A EARIRENFR / s )2 F S

XKL T, BEXFEYE, TR
DI LI ZE / shiZE &R EA
FEBER), FITIEBRARFELE, s
Bl), MH=IBIHIBC 7D PRIZN / partition func

X#H/RERE: (HZEFLESTB)

df (x,v,t)
dt

C C: Hh
(ThomsonEX5T)
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ERER #* 5 :
r 4 &% [credit: W. Hu]
i A i W AN N N
0. 561 21|23 333321 |28 3833832121 1861.2 23|

o] A ey ——————

. Radiative Transfer

|t F2 WE & A EP> B 4 & XR S BHF
BRERET BRE R At %K Z ZFR B8 HHZE
N

N NN Y
61 21|21 1553 28|21 13883 21|2.22221 1}

3 3
EBMREAR BY R Rk 28 ¥ LBF XX 248 =%
BXRBRLEMW M AR T BRE K HHR FB THH

NN N PN N N
22 561 21|23 355321 |28 8366382121 161.2 23|

EXRIATEA BB 8 Tk RBRE F Ml 42 2 %0 8
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o [credit: W. Hu]
R Observables: Flux

e Energy Flux

- dE
- dtdA

e Units: erg s~ cm ™2

e Radiation can \ /

hit detector from all angles /A /fuxzenergyftimearea
detector

F




) [credit: W. Hul
Observables: Surface Brightness |

e Direction: columate (e.g.
pinhole) 1n an acceptance dg

angle d{) normal to
dA — surface brightness

dE surface brightness=
S ( Q) — dt d Ad Q / dA / energy/time/area/solid-angle
(normal to detector)
detector

o Units: erg s™' cm 2 sr?



Observables: Specific intensity

e Frequency: filter

in a band of frequency dQ
dv — speclfic intensity
/ \ / / filter
; AE bandwidth dv
o dtd AdQdy

I specific intensity=
Wthh / dA / elr)lergy/timte/arefe}l,/solid—angle/
1s the fundamental quantity JOloctOr (e detecton

for radiative processes

e Units:
erg s~ tcm 2 sr !t Hz ™!

e Astro-lingo: color 1s the difference between frequency bands

[credit: W. Hu]



physical picture of optical depth

Incoming rays




absorption




scattering




outgoing rays




hv < mec Thomson Scattering

Does not change the photon energy, just the direction

non-relativistic scattering elastic scattering

2y




volume element in phase space

scatter out

A A

A A
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scatter out

time

;- Scatter Iin

e Temperature anisotropies then evolve as

d . .
(@d+ ¥) (¢ + ) = —aneaT@ aneoTe - Vp
' out- scattermg Doppler
| 3aneJT

L [ am©m)[L + (e m)?]

IN- scattermg




Q: If Thomson Scattering process does not

transfer energy, how to mix hot and cold region
via'Ts?




A

Scattering 1s a process that does not remove energy from the
radiation field, but may redirect it.

NOTE: Scattering can be thought of as absorption of radiative energy

followed by re-emission back to the electromagnetic field with
negligible conversion of energy. Thus, scattering can remove radiative
energy of a light beam traveling in one direction, but can be a “source”
of radiative energy for the light beams traveling in other directions.



2hv3 1

[, =

Number of ph in th
T/ ]’I// umber of photon in the

volume element /

More photons are scattered in via TS, the hotter. And vice versa.
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CMBFast#r14
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RINHEAE, F2rTRYIEE AL DT

/aldarriaga

orders of magnitude reduction in CPU time when compared to standard
methods and typically requires a few minutes on a workstation for a single
model. The method should be especially useful for accurate determinations of

. \ s e —— o Seljak et. al. 96’
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Further reading

CMB basics
— Wayne Hu'’s excellent website (http://background.uchicago.edu/~whu/)

— Hu & White’s “Polarization primer” (arXiv:astro-ph/9706147)

— AC’s summer school lecture notes (arXi1v:0903.5158 and arXiv:astro-ph/0403344)

https://cosmology.unige.ch/sites/default/files/media/Anthony Challinor CMB lectures jun13.pdf

CMB lensing
— Lewis & AC’s “Weak gravitational lensing of the CMB” (arXiv:astro-ph/0601594)

Textbook
— Morden Cosmology by Dodelson

— The Cosmic Microwave Background by Ruth Durrer


https://cosmology.unige.ch/sites/default/files/media/Anthony_Challinor_CMB_lectures_jun13.pdf

