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2. Primordial Anisotropy

• Adiabatic curvature perturbation 

• Conformal Newtonian gauge 

• Synchronous gauge 

• Acoustic oscillation 

• Damping 

• Thomson scattering 

• LoS projection 

• Boltzmann Eq. 

2.1 Linear perturbation theoryKey concept



8. Relativistic perturbation theory unlike Newtonian theory, GR starts from the metric field

decompose         into scalar, vector, tensor 

according to SO(3) rotation group

δgµν
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∇µGµν = 0
(Bianchi identity)

choosing a coordinate frame

{xµ}

10  -  4  -  4  =  2
pure 


gravitational 

d.o.f.

Êij tensor pert.
GW

scalar & vector pert. are just the reaction 

of the gravity to matter sector

∇2Φ = 4πGδρ
e.g.

However, tensor pert. can exist even in the matter vacuum!

A pure gravitational phenomena.



gauge fixing xµ = {x0, xi}, xi = ∂iε + ξ i

d.o. f .=
s = 4 − 2 = 2
v = 4 − 2 = 2

t = 2
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⎭
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time threading

spatial slicing

constant time hypersurface

⇔ choosing coordinate

Theorem: At linear order, scalar/vector/tensor 
pert. are completely decoupled.

In FRWL background evolution, vector pert. only have decaying mode, so cosmologically irrelevant.

From now on, we only consider scalar & tensor pert. Comparing scalar & tensor pert, signal from scalar > tensor

Mathematically, scalar is more complicated than tensor. Because tensor is gauge invariant, why?

[ gauge/coordinate transformation, does not involve tensor. Hence, tensor mode is free of gauge issue]

d.o. f .=
s = 4 − 2 = 2
v = 4 − 2 = 2

t = 2

⎧
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scalar mode gauge fixing  

2 commonly 

used gauge

ds2 = a2[dτ 2 − (δ ij + hij )dx
idx j ] A = B = 0

• synchronous gauge (a frame co-moving with cosmic fluid)



gauge transformation

gauge-inv
[Pb4.]

ref: Baumann lecture eq. (4.2.48)~(4.2.60)

gauge-inv variables
(Bardeen potential)

(check)

A & C in conformal Newtonian gauge, equals            ,respectively.Ψ&Φ

perfect fluid: no energy dissipation, can not conduct heat
perfect fluid does not exist in real life, but compare with honey, water can be treated as perfect fluid.

shear-viscosity

bulk-viscosity

(deriv)

P(ρ),Pb (∇u) P: describe the ability to do external work, the mount of work only depends on the initial & final config
Pb: internal energy loss, the mount of energy loss depends also on the volume changing velocity



[Pb5.]

ref: Baumann lecture eq. (4.2.68)~(4.2.73)

[Pb6.]

LSS

z*

z*+δ z

z*-δ z

T~1/(1+z)
FRWL

FRWL

FRWL

FRWLH1,K1 H2,K2

H 3,K3

separate universe assumption

pert. classification
• adiabatic pert. time delay

(not independent!)

• isocurvature/entropy pert.

I
J

tot

δP(ρ, s) = ∂P
∂ρ

δρ + ∂P
∂s

δ s



Linearised Einstein eq. [Pb7.] (deriv)

(deriv)
(deriv)[Pb8.]

(deriv)

[Pb9.]



(deriv)[Pb10.]

∇2Ψ = 4πGδρPoisson eq.

neglect time evolution term Ψ = Φ

On the cosmic large scale, we do need relativity theory!  
On the small scale, Newtonian theory works well!

k<H /  L > 1/H

k>H /  L < 1/HH-1 co-moving Hubble radius



2. Primary CMB

• Spherical projection of the Plane wave 

• Compton scattering vs Thompson scattering 

• Acoustic oscillation 

• Baryon load 

• Velocity/Density are out of phase 

• Transfer function

2.2 Boltzmann Eq.Key concept



opaque transparent

qu
ark

 ->
 pr

ot
on

&n
eu

tro
n

nu
cle

os
yn

the
sis

: c
rea

te 
lig

ht 
 

ele
men

t D
, H

e, 
Li

rec
om

bin
ati

on
: p

+ +
 e

-  ->
 H

da
rk 

ag
es

ga
lax

y c
lus

ter

rei
on

iza
tio

n

T~
1G

eV

T~
1M

eV

T~
0.1

eV

z~
(10

0,1
00

0)
z~

(6,
10

)

z<
2

Dark
 en

erg
y

z<
1

The faintest light from 
the very early universe.



1964

Penzias & Wilson

Nobel prize in 

Physics 1978

1948 Gamow

Hot Big Bang TCMB=5K
Dicke，Wilkinson，Peebles et. al.

COBE—FIRAS数据

PW
1992

COBE (NASA) Mather & Smoot 

Nobel prize in 

Physics 2006

2019



CMB isotropy

10%



CMB anisotropy

Dipole
due to relative motion of our earth w.r.t. rest frame of CMB

ΔT = 3.353mK

higher multipoles ΔT ~18µK due to primordial gravitational curvature pert.



LSS

z*

z*+δ z

z*-δ z

T~1/(1+z)

T(x,t)

every point is in a local thermal 

equilibrium (black body)



gravitational well

gravitational wall

(hot regime)

(cold regime)

Plane-wave inhomogeneity

k

last scattering surface



ψ (n̂) =ψ (χ,
!
k )ei( k̂in̂)kχ

=ψ (χ,
!
k )

ℓ,m
∑[4π iℓY *

ℓm (k̂) jℓ(kχ )]Yℓm (n̂)

=ψ (χ,
!
k )
ℓ,m
∑ψ ℓm (χ,

!
k )Yℓm (n̂)

We use Spherical Harmonics and Spherical Bessel functions to expand the plane-wave

spatial inhomogeneity => angular anisotropy

ei( k̂in̂)kχ = 4π 2ℓ+1
4π
i iℓ i jℓ(kχ )Yℓ0 (n̂)

ℓ=0
∑ (ẑ ! k̂)

A plane wave can be expressed into a series of  spherical wave

2χ

k

n̂

k̂

θ

n̂

k̂

x

z

`1
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[Hu & Dodelson  
Annu. Rev. Astron. and Astrophys. 2002 ]
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1992年，COBE卫星（NASA）

DMR

陆埮⽼师：“她是我们能够⽤光学⼿段看到的宇宙⾃诞⽣之⽇起的第⼀张baby face”

DMR——测量各向异性的微分测量仪
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在红移1100之前(宇宙诞生38万年之前)，宇宙的物质状
态为“一锅等离子体热汤”，各种物质组分紧紧地耦合
在一起，其中最主要的是自由电子和光子的Thompson散
射(弹性散射) 

该过程在红移1100之前，频繁发⽣⽆数次！ 
从⽽使得，“这锅等离⼦体热汤”达到热平衡。

primordial anisotropy
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当“这锅热汤”的温度降到⼤约3000K（约0.1eV）时， 
电⼦动能（系统热能），不⾜以抵抗氢原⼦的第⼀电离能（13.6eV），电⼦－质⼦形

成中性氢原⼦。 
该过程⼏乎瞬时完成，之后就⼏乎没有⾃由电⼦

之后，光⼦⼏乎⾃由地传播⾄现在！

（free streaming）
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既然氢原⼦的第⼀电离能是13.6eV，

为什么Thompson散射过程不在

宇宙温度降低到30万K时就停⽌呢？
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η ∼10−10宇宙中的，重⼦（电⼦）／光⼦⽐，⾮常⾮常低！

⼀个电⼦周围包裹着⼀群光⼦，这些光⼦数⽬按照⿊体谱分布

⼀个电⼦只需要⼀个光⼦ 
就能完成这个散射过程

⾼能光⼦⽐重⼩， 
但是整体数⽬ 
相⽐于电⼦并不少

发⽣的能标⽐13.6eV要远低！
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在红移1100时，该过程最后⼀次发⽣， 
之后⾃由电⼦和⾃由质⼦迅速形成中性氢。 
因此，在时空图上，这个过程可以看作是， 
薄薄的⼀层（Last Scattering Surface）
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上述过程的数学描述
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1. 声学震荡／acoustic oscillation

光⼦温度扰动 （受迫谐振⼦）

（静态势阱近似）

绝热初始条件：

重⼦密度⽐
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Hu et.al. 97’

重⼦－光⼦等离⼦体会塌缩到引⼒势阱中

压缩到等离⼦体声学视界半径之下， 
光压就会阻⽌引⼒继续塌缩，从⽽形成声学震荡

就这样⼀直震下去。。。



before recombination 波光粼粼



Winter is coming … 
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直到，形成中性氢

光⼦，不再受重⼦拖曳，从引⼒势阱中逃逸出去 
其动能转化为引⼒势能，光⼦能量损失 －｜\Psi｜



Compressing a gas heats it up.  Letting it expand cools it down.   
The CMB is locally hotter in regions where the acoustic wave causes compression 

and cooler where it causes rarefaction:

[credit: W. Hu]



Acoustic Oscillations

• Photon pressure resists 
compression in potential wells

• Acoustic oscillations

• Gravity displaces zero point
 Θ ≡ δT/T = –Ψ

• Oscillation amplitude = initial
displacement from zero pt.

Θ – (-Ψ) = 1/3Ψ

  Peebles & Yu (1970) Hu & Sugyama (1995)

zero
point

initial
displ.

Θ+Ψ

η

ΔT
/T

−|Ψ|/3

[credit: W. Hu] a fix spatial spot 

@Initial time
A cold spot



Acoustic Oscillations

• Photon pressure resists 
compression in potential wells

• Acoustic oscillations

• Gravity displaces zero point
 Θ ≡ δT/T = –Ψ

• Oscillation amplitude = initial
displacement from zero pt.

Θ – (-Ψ) = 1/3Ψ
• Gravitational redshift: observed 

(δT/T)obs = Θ +Ψ 

oscillates around zero

First Extrema 

  Peebles & Yu (1970) Hu & Sugyama (1995)

Θ+Ψ

η

ΔT
/T

−|Ψ|/3

[credit: W. Hu]
the same spatial spot 

@ recom time 

becomes hot spot 

due to gravity  

compression  

(first peak)



Acoustic Oscillations

• Photon pressure resists 
compression in potential wells

• Acoustic oscillations

• Gravity displaces zero point
 Θ ≡ δT/T = –Ψ

• Oscillation amplitude = initial
displacement from zero pt.

Θ – (-Ψ) = 1/3Ψ
• Gravitational redshift: observed 

(δT/T)obs = Θ +Ψ 

oscillates around zero

Second Extrema

  Peebles & Yu (1970) Hu & Sugyama (1995)

Θ+Ψ

η

ΔT
/T

−|Ψ|/3

[credit: W. Hu] Now, consider another  

spatial spot,  

which located at a  

smaller well. From  

initial time, till recom time,  

it oscillate 2pi. (with higher  

frequency)
initially, it is a cold spot
in the middle time  

between initial and  

recom time, it becomes  

a hot spot



Acoustic Oscillations

• Photon pressure resists 
compression in potential wells

• Acoustic oscillations

• Gravity displaces zero point
 Θ ≡ δT/T = –Ψ

• Oscillation amplitude = initial
displacement from zero pt.

Θ – (-Ψ) = 1/3Ψ
• Gravitational redshift: observed 

(δT/T)obs = Θ +Ψ 

oscillates around zero

Second Extrema

  Peebles & Yu (1970) Hu & Sugyama (1995)

Θ+Ψ

η

ΔT
/T

−|Ψ|/3

[credit: W. Hu] Finally, at recom time, it  

becomes back to a cold  

spot. (second peak)



t_ini

t_mid

t_recom

After this midpoint, gas pressure pushes baryons and photons out of the troughs (blue arrows) 
while gravity tries to pull them back in (white arrows). This tug-of-war decreases the temperature differences, 
which explains why the second peak in the power spectrum is lower than the first. 

[credit: W. Hu]



Harmonic Peaks

• Oscillations frozen 
at last scattering

• Wavenumbers at 
extrema = peaks

• Sound speed cs 

Doroshkevich, Zel'dovich & Sunyaev (1978); Bond & Efstathiou (1984); Hu & Sugiyama (1995)

Θ+Ψ

η

ΔT
/T

−|Ψ|/3

Last
Scattering

First
Peak

k1=π/
sound
horizon

[credit: W. Hu]



Harmonic Peaks

• Oscillations frozen 
at last scattering

• Wavenumbers at 
extrema = peaks

• Sound speed cs 

• Frequency ω = kcs ; conformal time η 

• Phase ∝ k ;   φ = ∫
0 dη ω  = k

• Harmonic series in sound horizon
φn = nπ → kn = nπ/

    

last scattering

Doroshkevich, Zel'dovich & Sunyaev (1978); Bond & Efstathiou (1984); Hu & Sugiyama (1995)

Θ+Ψ

η

ΔT
/T

−|Ψ|/3

Last
Scattering

Second
Peak

Θ+Ψ

η

ΔT
/T

−|Ψ|/3

Last
Scattering

First
Peak

k2=2k1k1=π/ sound
horizon

sound
horizon

sound
horizon

[credit: W. Hu]
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GRAVITATIONAL MODULATION

INFLUENCE OF DARK MATTER modulates the acoustic signals in
the CMB. After inflation, denser regions of dark matter that
have the same scale as the fundamental wave (represented as
troughs in this potential-energy diagram) pull in baryons and
photons by gravitational attraction. (The troughs are shown in

red because gravity also reduces the temperature of any
escaping photons.) By the time of recombination, about
380,000 years later, gravity and sonic motion have worked
together to raise the radiation temperature in the troughs
(blue) and lower the temperature at the peaks (red).

AT SMALLER SCALES, gravity and acoustic pressure sometimes
end up at odds. Dark matter clumps corresponding to a second-
peak wave maximize radiation temperature in the troughs long
before recombination. After this midpoint, gas pressure pushes

baryons and photons out of the troughs (blue arrows) while
gravity tries to pull them back in (white arrows). This tug-of-war
decreases the temperature differences, which explains why the
second peak in the power spectrum is lower than the first. 

Dark matter
concentration

Sonic
motion

Sonic
motion

Gravitational
attraction

Dark matter
concentration

Photon

Baryon

Gravitational
attraction

Photon
Baryon

FIRST PEAK
Gravity and sonic motion
work together

SECOND PEAK
Gravity counteracts
sonic motion

[credit: W. Hu]
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完美的最后散射⾯

存在着 
引⼒微⼩ 
扰动的 
最后散射⾯

原初CMB各向异性之Sachs－Wolfe 效应
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这就是，著名效应Sachs-Wolfe effect

Sachs-Wolfe 68’

90%的CMB信号来⾃于此！
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2. 重⼦拖曳／baryon drag

之前的计算没有计⼊重⼦，加⼊重⼦后，由于 
重⼦有质量（⼩球变重）、（⼏乎）⽆压强（弹簧弹性不变）

先不考虑，重⼦后势阱变深的效应（次领头阶）
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2. 重⼦拖曳／baryon drag

之前的计算没有计⼊重⼦，加⼊重⼦后，由于 
重⼦有质量（⼩球变重）、（⼏乎）⽆压强（弹簧弹性不变）

先不考虑，重⼦后势阱变深的效应（次领头阶）

振幅变⼤，但为了保持IC，平衡点需要上移
IC来⾃暴胀理论，因此不能改变
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3.多普勒效应／Doppler effect

注意，这⾥讨论的是以1/3光速震荡的等离⼦体。 
其相对论效应不可忽略，如：多普勒效应

当它沿视线⽅向，向我们震荡时，发⽣蓝移， 
光⼦能量增加，温度升⾼；反之，红移

f obs = (1+ v
c
) f rest f ∝T

Wien displacement law

ΔT
T doppler

= v
c
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该效应，对光⼦温度的贡献为：

蓝线为等离⼦体能量密度扰动对光⼦温度的贡献

红线为等离⼦体速度扰动对光⼦温度的贡献

⼆者，相差⼀个 Pi／2的相位！
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4. 光⼦弥散／Diffusion

光⼦，与电⼦不断碰撞。在两次碰撞之间，光⼦⾃由穿⾏。 
这个距离被称作，光⼦的平均⾃由程／mean free path

光⼦

电⼦

质⼦
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光⼦在电⼦之间的随机⾏⾛，可以使得等离⼦体的 
冷热部分相互混合，从⽽抹平温度扰动，这称为光⼦弥散

波⻓⽐光⼦平均⾃由程⼩的，光⼦温度扰动， 
被光⼦弥散效应e指数压低

在最后散射发⽣之后，光⼦平均⾃由程近似于⽆穷⼤， 
即，宇宙38万年时刻的信息，经过138亿年的⾬雪⻛霜， 

⼏乎毫⽆损失地保留到现在！

这就是，之前我们所说的“baby face”

（⼩尺度效应）

Tight coupling is not that perfect,  



Dissipation / Diffusion Damping
• Imperfections in the coupled fluid → mean free path λC in the baryons

• Random walk over diffusion scale:  λD ~ λC√N ~ √λCη >> λC

• Rapid increase at recombination as mfp ↑

• Robust physical scale for angular diameter distance test (ΩK, ΩΛ)

Po
w

er
0.1

1.0

500 1000 1500
l

perfect fluid

instant decoupling

recombination

Silk (1968);  Hu & White (1996)

Recombination

[credit: W. Hu]

Q: Why sqrt{N}?



[Hu & Dodelson  
Annu. Rev. Astron. and Astrophys. 2002 ]

Photons transfer heat  

between hot and cold spots



[credit: W. Hu]
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Θ(θ ,ϕ ) = δT
T
(θ ,ϕ ) is a Gaussian random field on the 2D sphere

<Θ(n̂)Θ( ˆ′n ) >= dn̂∫ d ˆ′n∫ Θ(n̂)Θ( ˆ′n ) = C(n̂ i ˆ′n ) = C(cosθ ) statistical isotropy

we will study the angular distribution of Θ(θ ,ϕ )

#[
Θ
(n̂
)]
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Θ
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)
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C(cosθ2 )
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注意，对于单个扰动⽽⾔，其分布是各向异性的 
但，扰动在各个⽅向上的平均值，则是各向同性的， 

这称为统计各向同性

hot spot~well 

cold spot~hill



A smarter way Θ(n̂) = aℓmYℓm (n̂)
ℓ,m
∑ Θ(n̂)⇒ aℓm gaussian random field

-4 -2 2 4

0.1

0.2

0.3

0.4

0.5

Θ(n̂)

P[Θ(n̂)]

C(cosθ2 )

C(cosθ1)

our major task is to calculate/measure Cℓ



derivation of cosmic variance
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第⼀声学峰 1) ell 越⼤，⻆度越⼩ 
2) 1st 峰位置：空间⼏何 
3) 1st 峰⾼度    ：重⼦物质⽐例   
4) 2nd,3rd 峰⾼度   ：暗物质⽐例 
5) Silk damping: photon diffusion   
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⾮相对论性物质： 
采⽤流体⼒学 
的语⾔来描述

(该物质组分的平均⾃由程 
⽐我们关⼼的尺度远⼩。 
在我们所研究的尺度上， 
达到了热／动⼒学平衡。 
所以，不关⼼其粒⼦属性， 
只研究其整体⾏为。)
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Tµν =

−ρ v v v
v P +σ σ σ
v σ P +σ σ
v σ σ P +σ

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎫

⎬
⎪⎪

⎭
⎪
⎪

即，⽤为数不多的⼏个动⼒学量，如能量密度，速度， 
与能量耗散相关的体／剪切粘滞系数，等

∇µT
µν = 0能量－动量守恒⽅程：

(不考虑 
热流交换)

连续性⽅程／continuity eq. 欧拉⽅程／Euler eq.
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相对论性物质：其平均⾃由程与 
我们关⼼的尺度相⽐差不多／更⼤
他们远未达到热／动⼒学平衡态

这体现了，其粒⼦属性，我们⽆法⽤ 
少数的⼏个热⼒学／动⼒学量来描述 
需要借助，统计物理的⽅式来刻画， 
即，相空间的配分函数／partition func

df (!x, !v,t)
dt

= C

刘维尔定律：（相空间中⼏率守恒）

C：碰撞项 
（Thomson散射）



Radiative Transfer
.

r1
r2

∆Ω

• Radiative Transfer = change
in I⌫ as radiation propagates

• Simple example: how does
the specific intensity of sunlight
change as it propagates to the earth

• Energy conservation says

.

F (r1)4⇡r
2
1 = F (r2)4⇡r

2
2

F / r
�2

[credit: W. Hu]



Observables: Flux
.

detector
dA flux=energy/time/area

• Energy Flux

F =
dE

dtdA

• Units: erg s�1 cm�2

• Radiation can
hit detector from all angles

[credit: W. Hu]
《电动⼒学》



Observables: Surface Brightness
.

detector
dA

dΩ

surface brightness=
energy/time/area/solid-angle
(normal to detector)

• Direction: columate (e.g.
pinhole) in an acceptance
angle d⌦ normal to
dA ! surface brightness

S(⌦) =
dE

dtdAd⌦

• Units: erg s�1 cm�2 sr�1

[credit: W. Hu]



Observables: Specific intensity
.

detector

filter
bandwidth dν

dA

dΩ

specific intensity=
energy/time/area/solid-angle/
frequency
(normal to detector) 

• Frequency: filter
in a band of frequency
d⌫ ! specific intensity

I⌫ =
dE

dtdAd⌦d⌫

which
is the fundamental quantity
for radiative processes

• Units:
erg s�1 cm�2 sr�1 Hz�1

• Astro-lingo: color is the difference between frequency bands

[credit: W. Hu]



physical picture of optical depth

incoming rays



absorption



scattering



outgoing rays



Thomson Scattering
Does not change the photon energy, just the direction

h⌫ ⌧ mec
2

<latexit sha1_base64="KwHM2KDNyiz0WdkKmt7rU/g2PmY=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyWgh6LXjxWsB/Q3ZZsOtuGJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRaFFYx6rbkg0cCahZZjh0E0UEBFy6IST27nfeQSlWSwfzDSBQJCRZBGjxFipP/Zl6nOOxQBovzYoV9yquwBeJ15OKihHc1D+8ocxTQVIQznRuue5iQkyogyjHGYlP9WQEDohI+hZKokAHWSLq2f4wipDHMXKljR4of6eyIjQeipC2ymIGetVby7+5/VSE10HGZNJakDS5aIo5djEeB4BHjIF1PCpJYQqZm/FdEwUocYGVbIheKsvr5N2rerVq/X7eqVxk8dRRGfoHF0iD12hBrpDTdRCFCn0jF7Rm/PkvDjvzseyteDkM6foD5zPH/l2kiw=</latexit>

non-relativistic scattering elastic scattering



time

scatter out

scatter in

volume element in phase space



time

scatter out

scatter in



Q: If Thomson Scattering process does not 
transfer energy, how to mix hot and cold region 

via TS?



Scattering is a process that does not remove energy from the 
radiation field, but may redirect it. 
NOTE: Scattering can be thought of as absorption of radiative energy 
followed by re-emission back to the electromagnetic field with 
negligible conversion of energy. Thus, scattering can remove radiative 
energy of a light beam traveling in one direction, but can be a “source” 
of radiative energy for the light beams traveling in other directions. 

A:  



I⌫ =
2h⌫3

c2
1

eh⌫/kBT � 1

<latexit sha1_base64="MPhFUq3B7VTX3n4sHylqpDGmwBE=">AAACHXicbZDLSgMxFIYz9VbrrerSzWAR3Fhn6oBuhFI3uqvQG3SmQybNtKGZzJBkhBLmRdz4Km5cKOLCjfg2ppeFtv4Q+POdc0jOHySUCGlZ30ZuZXVtfSO/Wdja3tndK+4ftESccoSbKKYx7wRQYEoYbkoiKe4kHMMooLgdjG4m9fYD5oLErCHHCfYiOGAkJAhKjfyic+crl6XZtRtyiFRlqC+9i0yhXiWbITtTuKcm/Hzk1xrZmZ35xZJVtqYyl409NyUwV90vfrr9GKURZhJRKETXthLpKcglQRRnBTcVOIFoBAe4qy2DERaemm6XmSea9M0w5vowaU7p7wkFIyHGUaA7IyiHYrE2gf/VuqkMrzxFWJJKzNDsoTClpozNSVRmn3CMJB1rAxEn+q8mGkKdidSBFnQI9uLKy6ZVKdtO2bl3StXaPI48OALH4BTY4BJUwS2ogyZA4BE8g1fwZjwZL8a78TFrzRnzmUPwR8bXDxH0ooM=</latexit>

T I⌫
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Number of photon in the  

volume element

More photons are scattered in via TS, the hotter. And vice versa. 
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∂ f
∂t

+ ∂ f
∂!x

∂!x
∂t

+ ∂ f
∂!v

∂!v
∂t

= C

速度 加速度／外⼒（引⼒）

f = 1

exp( v
T +δT

)−1

t (t,x)

要求解的量： 温度密度⽐Θ(!x, v̂,t) = δT /T

不均匀性 各向异性（不依赖于动量的绝对值）

对x进⾏Fourier变换，因为偏微分⽅程是很难求解的
Θ(k, k̂, v̂,t)

?

概率分布函数
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Θ(k,µ,t) µ = k̂ i v̂

Θℓ(k,t) = Θ(k,µ,t)Pl (µ)dµ∫

CMB温度的多级矩／multipoles

CMB光⼦温度涨落是⼀个⾼斯性的随机变量， 
该系统可以完全由其两点相关函数来刻画。

这⾥，我们⽤其球谐空间／spherical harmonics中， 
的两点相关函数，⻆度功率谱／angular power spectrum

δT
T

δT
T

→Cℓ

计算和测量C_ell是CMB物理的中⼼任务！！！
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玻尔兹曼⽅程/Boltzmann hierarchy

（ell=0, 能量密度/单极距）

（ell=1, 速度／偶极距）

（ell=2, 剪切粘滞／四极距）

耦合的线性常微分⽅程组，（⽅程数⽬巨⼤！）

数值实现起来，⼗分费时！
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Seljak Zaldarriaga

Seljak et. al. 96’

成功地将，程序运⾏时间降为⼏分钟

CMBFast软件包

关键技巧：将与宇宙学模型⽆关的， 
纯⼏何的球谐Bessel函数，分离，提前计算出来。

真正与模型相关的⽅程，数⽬只有30个左右。
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http://camb.info
Lewis

现在，CMBFast已停⽌维护。代替其的， 
是有Lewis开发的CAMB（CAMBridge）Lewis 99’

运⾏时间⼤约为1s

CAMB基于Fortran

除此之外，还有CLASS，Lesgourgues 11’

CLASS基于C
Lesgourgues

CAMB开发时间更久，被测试得更为全⾯； 
CLASS有许多算法上的优化，例如：中微⼦部分处理得更好



Further reading

CMB basics 

–  Wayne Hu’s excellent website (http://background.uchicago.edu/~whu/)  

–  Hu & White’s “Polarization primer” (arXiv:astro-ph/9706147)  

–  AC’s summer school lecture notes (arXiv:0903.5158 and arXiv:astro-ph/0403344)  

CMB lensing  

– Lewis & AC’s “Weak gravitational lensing of the CMB” (arXiv:astro-ph/0601594)  

    Textbook

     – Morden Cosmology by Dodelson

 
– The Cosmic Microwave Background by Ruth Durrer 

https://cosmology.unige.ch/sites/default/files/media/Anthony_Challinor_CMB_lectures_jun13.pdf

https://cosmology.unige.ch/sites/default/files/media/Anthony_Challinor_CMB_lectures_jun13.pdf

