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Key concept

* Phase info v.s. Power spectrum
* Different points in real space are correlated
* Different k-modes in Fourier space are uncorrelated

 White noise



Cosmic density field

For a given cosmology, the density field at a cosmic time ¢, is described by

O(x,t) or O?).

How to specify a linear density field? to specify o(x) for all x or to specify ok for
all k? NO!

e We consider the cosmic density field to be the realization of a random process,
which is descibed by a probability distribution function:

P (81,02, +,8y) d8;dd; - -- ddy, (N — eo)

Thus, we emphsize the properties of 2, rather than the exact form of d(x).

<lop>

[from Houjun Mo]



e The form of P, (01,0,,---,0y): is determined if we know all of its moments:
<8f18g2 S 61<7N> = /6?652 S Sllevg)x(slasb o '76N) d81 d52 "o dSNa

where (61,62,' . ',fN) =0,1,2,---.

In real space:
<8(X)> =0, &(X) = <8,‘6J’>, where x= ‘X,'—Xj‘ :

In Fourier space:

(8) =0, P(k) = Vi {|84[?) = Vi, (8i8_s0) = / £ (x) exp (ik - x) dx,

In general, it is quite difficult to describe a random field.

<op>

[from Houjun Mo]



Gaussian Random Fields

e In real space:

P(81,0p,--,0,) = exp(—Q) : El 0; M 03,
(01,0 ) [(2m) det (M)]'? N 2] M0,

where M;; = (9;0;). For a homogeneous and isotropic field, all the multivariate
distribution functions are invariant under spatial translation and rotation, and
so are completely determined by the two-point correlation function &(x)!

<op>

[from Houjun Mo]



e In Fourier space:
Ok = Ak + iBx = ‘8k| exp(iq)k).

Since o(x) is real, we have Ax = A_y, Bx = —B_k, and so we need only Fourier
modes with k in the upper half space to specify o(x). It is then easy to prove

that, for k in the upper half space,

1,
(Axh) = (BiBw) = SV 'P()8)s  (AiBi) =0,

Thus As a result, the multivariate distribution functions of Ay and By are
factorized according to k, each factor being a Gaussian:
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[from Houjun Mo]



In terms of |0x] and ¢, the distribution function for each mode,
P(Ax)P(Bx) dAx dBg, can be written as

O[> ] |Ok| d|Ok| dek
T PK) | VoIP(k) 21

P(|0k|, Px) d|0k| dox = exp

Thus, for a Gaussian field, different Fourier modes are mutually independent,
so are the real and imaginary parts of individual modes. This, in turn, implies
that the phases @i of different modes are mutually independent and have
random distribution over the interval between 0 and 2.

P(k) is the only function we need!

Pk :is uniformly distributed between 0 and 2pi

<op>

[from Houjun Mo]



White Noise
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» time domain: delta(t); different time is independent

* frequency domain: constant spectrum (equal weight from each frequencies)

* For any other type power spectrum, the data in the real/time domain, are correlated
with some length. g

10 100 1000
M ! o ! A | ' v

differentf@modes are indef

20 L i n PR SR " i
10~4 103 102 10-1

k/Mpc?




Although power spectrum can NOT tell us ALL the statistics, still it is informative
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power spectrum only give us the info encoded in Amplitude

S(k) ~ A(lz)eM

Loss info encoded In the phase!
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Key concept 1.2 Primordial Power spectrum

* Quantum original
* Nearly massless inflaton (slow roll parameter)

» Scalar perturbation does not directly measure the inflation energy scale, tensor
does.

» parametric form of primordial power spectrum



Inflation
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Key: W, Z bosons N\, photon
d quark .. meson . # Jgalaxy

g gluon ;) @ ® baryon

@ electron & ion
LL muon T tau

V neutrino @ 2ions Particle Data Group, LBNL, © 2013. Supported by DOE and NSF




GR is a classical theory, does not involve any guantum phenomenon  (no # )

G
A typical Schwarzschild black hole radius: —22 Gu(z) + Mg = — 5 T ()

C
R

uncertainty principle: OP<OA ~h the inertial energy of particle with mass M: E=Mc?

Planck Mass M. ~h/G~10"GeV

when the system energy approaches Planck mass, we need to quantise gravity!

Planck
scale

From t=0 to10-44s

< 9 (Planck time),

Inflation happens coSmic energy scale
oeoan them is above 1070 GeV
(Planck energy)




why do we need inflation? 1deg2~(pi/180)2~1/3600
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A photon from t=0, with velocity c¢/3,
via 380,000yr can travel:
38x104 / 3 lyr ~3x104pc

A photon from t=0, with velocity c,

N O via 13.8 billion yr, can travel:
t=13.8 billion =~~~ T o T T ¢ 138x108 lyr~5x10° pc
yr
remove the co-moving factor
az=0/az=1100~1000
. horizon problem ratio: 5x109 / 3x104 / 103~140
380,000yr
\ / \/ \\ / 2d sphere, totally 1402~20,000
t=0 X causal disconnected region
A B C



To solve horizon problem @z=1000,
need enlarge the physical

size of forward light-cone, by a tfactor 100.

eN~100, N~5 (e-folding number)

t=13.8 0O
pillion yr

=
380,000 yr

t=0 —
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continue to push back to GUT scale

t=13.8 O

pbillion yr

. out of causal connection

380,000yr E[\
/\/\/\/\/\/\/ \/\/\/\/\M
// S —— —
A B C
t=10-36 g (GU Scale) [Pb1.] How many e-folds do we need to

solve the horizon problem @ this epoch?



flatness problem

1Q, 1< 0.005

10" GeV 107eV

Planck era DE era

radiation era covers most parts of the energy scale

10 eV

equality era

1 = 60
Q-1= 5 10
_ &)4~10124 &: &)4~10108 Hzocpcx:a_4
peq Eeq
radiation era
1054 a’H* =< \[p

monopole problem

GUT — huge mount of stable magnetic monopole

m~1016 GeV

p. ~ 10_29[gm/cm3]

p, >10"[gm/cm’] Q= pmon/pc > 10"

completely dominated

by monopole!
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The way out? within10-36 g, stretch the physical scale of the forward light-cone
; by a factor 60
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how to: qausi-de Sitter phase —— exponential expansion

HeAt
in RD/MD era, a~t# (power law), too slow! a=e H « At = 60 H~ const

| Y

H-1

0, + AT - . Ry —A |
_'5‘;)( / ‘ g A " |
| ,/ s ‘ ( :.4‘ 3 "‘ . >
i ' LV X
Henry Tye

Comoving Scales

A

horizon re-entry

J

Comoving
Horizon

horizon exit

/

density fluctuation

t1 [

Inflation Hot Big Bang

[gurﬁ & T Ye, 1979, PRL, "Phase Transitions and

ﬂ\/lagneu’c Q\/lonojoofe Production in the \/er'y far[y ‘Universe”] >
Time [log(a)]

[gutﬁ, 1980, PRD, “The Qnﬂah’onary Universe: A Possible Solution to the Horizon and Flatness Problems”]
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mechanism: a scalar field slowly roll in its potential S =] d'x|-g159"90,0- V()]

p:%q52+V(¢) P=%¢52—V(¢) ¢ <V(@)=P=—p H* = 3]\212 [%¢2+V(¢)]
M2 (v\? inflationary mechanism does not only solve
€T (v) »  several problems on the background level,
o VII
n = My (7) ’ but also, naturally gives the initial
conditions needed by the CMB and LSS
e<1, n| < 1. formation! (we force on this)

cosmic time evolution is deterministic!

quantum-gravity era

. _“' “.':- - 7 3 > :‘ ” .
e % . p = . wut _g
Big Bang plus T T s S
10~43 seconds - St & ~ '

Big Bang plus
1073 seconds?

inflation

cosmic microwave background

2 Big Bang plus g

_ 380000 years

5('k9ZO)_? (Zi,zoﬁ(k) '

obs evolution IC initial condition is stochastic! Big Band Pk W

14 billion years



inflaton action

1
S = / drd3z+/—g [59”"’6u¢3u¢ - V(¢)J -
plug unperturbed
FRWL metric

¢(7_ :13) _ Q;(T) 4 f(T, :B) linear order action

, a(T) (1) 3 WY, 3 _

S — de:c[agbf —d3'f—a 1/;¢f] =

background field e.o.m (deriv)

q;// + 27{(5/ + a2V,¢ —0

quadratic action 1

S(z) — 5 /de3$ [(fl)2 . (vf)2 . 2Hff, + (H2 . a2'v',¢¢) f2] _

(deriv)

3M3V
1 a | ~ pl 0b _
Smaifmd%§[wvtwvn’+;fﬂ m sy o
!
Mukhanov-Sasaki eq. y+ (k2 — a—) fr =0
a | —
S

sub-horizon limit k’2 > a,,/a ~ 2H2 ,::l + k,ka ~0) ——

2
‘/,¢¢ oc mf ;mf ~eta*™H

N,

H? =
3M

pl

e.g.

o~M, ;00~H

\am=%mﬁw Vo)

H<M,

]

we quantise 59 NOT ¢_5

g —

/ drd3z Baz ((¢")? = (V¢)?) — a4V(¢)]

— /de3xa[q3" +2Ho' + a2V:¢]f
(deriv)

"

% / drd3z [( 2= (Vf)?*+ (% - a2v,¢¢) fz]

(deriv)

7,
<1 a— ~ 2 H = 2(12H2 > CL2V,¢¢
a

‘mf2’(negative mass sq)

Simple Harmonic oscillator with 0-mass
in Minkowski space (no feel of curvature)

in this energy level ( Mpi>>H ), inflaton behaves as massless particle

validation of our calculation!

up to now,

no quantum gravity
theory available (@M scale)




classical field o . ()= T ; 5 2
fzg+(k2——)fk=0 a(t)=e™ al)=— fk‘|‘<k——>fk
a ( ) T (deriv) T2
general solution . ”
e T ) e'~FT 1 For a classical vacuum, no reason to excite _n_
fk(T) = m (1 - k_'r> + B m (1 + k—'r) any state, so it is natural to choose o= ﬁ =0

—ikr , (Bunch-Davis vacuum)
However, the quantum fluct. in the curved fil(7) = € 1 (adiabatic state)
space-time, will naturally gives vV 2k kT (no particle Creation)

If we zoom in (time & space), a classical vacuum, is full of instantaneous
particle creations and annihilations.

(off-set of the equilibrium position denotes for the particle creation/annihilation)

5 — *

the quantum field view of space-time: string matrix



quantum oscillation

Horizon scale







Let us fix a space point =0 , record scalar field amplitude f(7,x=0)

Fr@) = [ oty [ + fir)al] e

at quantum level, the scalar field can be treated
as an assembly of simple harmonics!

Quantum Field is a collection of Quantum mechanics

g frequency (f)y =0 ]{(T’X): \/< ]{f >

classical solution quantum operator
time /
L

<5>:O,<5-c§>:1

Gaussian random variables



quantization of the pert.

A 3 : “ /
fr.2) = [ s [fem) i+ fi(r)al] e )] = 0(k + K)

(17P) = (01! (r,0)f (r,0) 0
3 31/ | | | |
= [ G | oy QUL+ i) (), + Fi(r)al) 0

= (2(:;];/2 (2d3)]§’/2 Fo(T) F2(7) (0l[a,, a,]0)  mode function f,(T): is chosen to be the classical field solution
= [ s 151(0) o) = (1- ) @ conjugate momentum
/dlnk —Ifk(T)IZ@ (deriv) [jA%(T),ﬁ]—C»,(T)]=i5(l€+l€')\ o g_}ﬁ _ g
i =a o (1= L) s (1 1)

for classical pert. (¢, ﬁ) could be arbitrary large

The difference between classical & quantum pert.

for quantum pert. the wave function must be o’ + ﬁz 1
unitary (probability normalised to unity) B
decoherence two quantum states separated by a scale k-1, are in coherence! (correlated amplitude and phase)
However, the afterward cosmic evolution n
O . uantum > classical
is classical process, e.g. galaxy formation q decoherence
sub-horizon e ike ™ super-horizon i i
fe \/ﬁ k \/ﬁ ‘ \/Ekmz' C 2K
5 4 _. <OI[f,,7,110>=0
<OI[f,, 7,110 >= z5(k+k')(d | [feo 7T ] o
eriv

non-commute > guantum state commute > classical state



primordial scalar power spectrum  4)="0 gg=4 a="Y, .
T (deriv)
£12 kB 2 di ionl 1
(7P) = [k 551he(r) 3 z
V72 power spectrum k super-horizon fo~-
Ai(kﬂ-) = ﬁvk('r)lz mode 5 \/5](3/21'
comoving
scales causal connection ) - H 2
A B A&ﬁ(k,T) = a Af(k,'r) = 27‘_)
S classical stochastic field L’ (aH) (deriv)
RN <|7ik|2> ~ const. /A, L the amplitude of the
. N N . h . ” 7 T ) B} )
subhorizon -~ superhorizon » :P - pert. is proportlonal to
(15¢5|?) s ' Inflationary energy scale!
4 v, freeze out e 5 | : _
quant‘}m hN . L7 g , ©YO Vie again (by measuring the amp we can ‘know’
fluctuations ‘o L7 (lecture2) the inflation energy scale)
oscillate : . . "
" L .. " 1 lme =
horizon reheating horizon CMB  today - Inflation
ex1t re-entry
switch from d¢ to R here compute evolution from now on

H?> o<V Ag~

scalar pert. per. se. could NOT

[Pb2.] ,
A2 1 Agfb h %¢2
R — T o whnere £ =
T 2c M2 M2 H?
gauge-inv curvature pert.
1 V3
1 1 H? A2 =
A(b) = g2 oo or |~ *  12x2 M (V')
Plik=aH

determine the inflation energy

scale! (its amp also depends

on the potential slop)



nearly scale-inv power spectrum

4.0 : . . .
blue-tilt spectrum
25 |
time flow
>

20 aaaal s e aaaal aaal

10~* 1073 1072 1071

k/Mpc?

3o

20

lo

Qo

2
A% (k) = 8;%52 if £,H purely constant —— exact scale-inv
Pl |k=aH
: H dt
Sz—iz T]E% a=eN=eJ
H dN
d1st time gnd time L ng—1
ivati ivati —
erivative erivative A%(k) — As (k_)
*
dlogA,’
n—1= S, P n
dlogk Aq = (2196 + 0.060) x 109
(deriv) N

ns = 0.9603 £ 0.0073
——

- red-tilt: 7, —1 <0 ampislarge on the large scale

v
=
0.25

Planck 2013
Planck TT+lowP

Planck TT,TE EE+lowP
Natural inflation

Hilltop quartic model

« attractors

0.20

Power-law inflation
Low scale SB SUSY

0.15

R? inflation
V x ¢?

V x ¢?

V x ¢4/3

Tensor-to-scalar ratio (r¢.002)
0.10

Vxo
V x ¢2/3
N,=50
N,=60

0.05

0.00

0.94 0.96 0.98 1.00
Primordial tilt (ns)




tensor pert. (primordial gravitational waves) @ such high energy scale,
If inflaton could have instantaneous particle

. o creation/annihilation, why not the graviton?
ds® = a* (7‘) [(17'2 — (52.7 + 2E7;j)dxzdx*7] ]
no symmetry prevent this!

0 M? M? . .
%aﬁ]j _ 1 ;: —f}(+ 0 S = Tpl /d4z\/—gR = 52 = Tpl /de3a: a’ [( )% — (VEZ-J-)2]
2 W
V2 0 0 O
[Pb3.]

s :% ; / drd’z [(f.r')2 ~(Vf)?+ %”f?]
he —+,X
OO0 /

exactly the same as scalar pert.
[Pb4.]

k=aH

2 H” 1 1 H?
h A2(k) = 22 AZ (k) = L1
@ Q C} Q @ t (k) 7.‘.2 Mgl - V-S- R( ) 872 8M§l

direct probe of inflation scale!

0 2 Smi2 27T
Phase " onfy ofejoencfs Ml thatis why we need measure
PGW! fundamental physics
E\™ Ay
AZ kY= A - rTr=— (see pic in prev)
2 =40 () i

FEzercise.—Show that
scalar spec can be both red & blue

r = 16¢
[Pb5'] ng = —2¢ . tensor spec must be both blue!
Notice that this implies the consistency relation n; = —r/8. (otherwise, violate null energy condition)
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The same mechanism for graviton! /

.the reason why tensor & scalar power spectra are so similar!
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Further reading

 Baumann lecture note/cChapter 6

- Physical Foundations of Cosmology/Mukhanov




